The Langlands functoriality conjecture envisaged in the bisemistructure framework is proved to correspond to the non-orthogonal completely reducible cuspidal representation of bilinear algebraic semigroups.
Historical frame of the Langlands functoriality
The Langlands program originated from Artin's reciprocity law of abelian class fied theory. The simplest version of Artin's reciprocity law states that if σ : Gal(E/Q ) → C * is the homomorphism from the Galois group of a finite extension E of Q into C * , then there exists a Dirichlet character χ σ (Z /N Z ) * → C * such that σ(Frob p) = χ σ (p) for all primes p (unramified) in E . The non abelian equivalent of this reciprocity law concerns the n -dimensional representations of the Galois group Gal(E/Q ) throughout homomorphisms:
σ : Gal(E/Q ) − −−− → GL n (C ) which led Artin to introduce L -functions:
where det[I n − σ(Frob p) p −s ] are characteristic polynomials related to conjugacy classes A p of Gal(E/Q ) described by σ(Frob p) [Gel] , [Rog] . But, he did not find the n -dimensional analogues of Dirichlet characters and L -functions.
It was Langlands [Lan1] who generalizes the concept of Dirichlet characters by introducing:
1) a (unitary) cuspidal automorphic representation π of GL n (A F ) , where A F is the ring of adeles of the global number field F of characteristic zero.
2) the L -function associated with π .
These considerations where then formulated in the Langlands (global) reciprocity conjecture which asserts that:
For any irreducible representation σ of Gal(F /F ) in GL n (C ) , there exists a cuspidal automorphic representation π of GL n (A F ) in such a way that the Artin L -function of σ agrees with the Langlands L -function of π at almost every place where π is unramified [Kna] .
In the local case, i.e. when the envisaged field is a finite extension K of Q p , Langlands conjectured the existence of bijections between the set W D Rep n (W K ) of equivalence classes of n -dimensional Frobenius semisimple Weil-Deligne representations of the Weil group W K and the set Irr cusp(GL n (K)) of equivalence classes of (super)cuspidal irreducible representations of GL n (K) .
The global correspondences of Langlands over function fields on a smooth curve over F q were extensively studied by L. Lafforgue [Laf] while the local correspondences of Langlands over finite number fields were worked out by G. Henniart [Hen] and by M. Harris and R. Taylor [H-T] , [Cara] .
One of the major innovations introduced by Langlands in this context is the existence of Lgroups L G consisting in the semidirect product G ⋊ Gal(F /F ) of the complex reductive group G by the Galois groups Gal(F /F ) [Lan2] .
This allows to tie the cuspidal automorphic representation π of a reductive group G(A F ) , as well as the associated cuspidal representation Π of GL n (A F ) , to the n -dimensional holomorphic representation ρ of the corresponding L -group L G .
According to [Lan3] , if A v (π) denotes the v -th cuspidal conjugacy class of G(A F ) and A v (Π) the v -th cuspidal conjugacy class of GL n (A F ) , the following equalities can be stated:
This shows [Lau] that the L -group L G can be interpreted as a dual group of G(A F ) in such a way that: a) the cuspidal representation ρ of L G be the contragradient representation π with respect to the cuspidal representation π of G(A F ) [Cara] ; b) the coroots of π correspond to the roots of π [J-L].
To proceed further into the program of Langlands, the principle of functoriality must be envisaged. In its general form, it can be stated as follows:
Let G and G ′ be two reductive groups and let L G and L G ′ be the corresponding L -groups. The two homomorphisms:
then imply the corresponding homomorphisms:
of their respective cuspidal representations in such a way that:
More concretely, let sym m : GL 2 (A F ) → GL m+1 (A F ) be the m -th symmetric power representation of GL 2 (A F ) . If π = ⊗π v is the cuspidal representation of GL 2 (A F ) , then:
will be the searched cuspidal representation of GL m+1 (A F ) in such a way that sym m (π v ) be the v -th cuspidal conjugacy class of GL m+1 (F v ) . This constitutes the Langlands functoriality conjecture extensively studied now. It was especially proved by H. Kim and F 
by L -function methods for m = 3, 4 when F is a number field.
In order to try a new breakthrough in this problem of functoriality, the bisemistructure framework introduced in [Pie1] will be considered in this paper. Indeed, it was shown in [Pie2] that, to each mathematical structure, it can be generally associated a triple (left semistructure, right semistructure, bisemistructure) where the left and right semistructures, referring (or localised in) respectively to the upper and lower half spaces, operate on each other by means of their product giving rise to a bisemistructure in such a way that its bielements be either diagonal bielements [Lang] or cross bielements.
Taking into account bisemistructures allows:
• to generate richer mathematical structures by the consideration of cross (bisemi)-substructures;
• to have a better visibility of the endomorphisms of these (bisemi)structures of which objects are in some cases de facto bilinear, as for instance (square) matrices (n × n) .
Before taking up functoriality in this new bilinear mathematical frame, I shall introduce or recall the structure of the considered algebraic groups and of their cuspidal representations in this new context as well as the connection of these with their classical correspondents. This will constitute the contents of the next two sections.
2 Structure of the algebraic bilinear semigroups
• In the framework of bisemistructures, a group G must be viewed as a triple
-G L (resp. G R ) is a left (resp. right) semigroup under the addition of its left (resp. right) elements g L i (resp. g R i ) referring to the upper (resp. lower) half space;
-G R×L is a bisemigroup, or bilinear semigroup, such that its bielements (g R i × g L i ) be submitted to the cross binary operation × defined by:
By this way, pairs of right and left elements are sent either in diagonal bielements
• Thus, an algebraic group GL n (F ) of (n × n) square invertible matrices with entries in a field F can be viewed as a bilinear algebraic semigroup GL n (F R × F L ) with entries in the product F R × F L of the right and left finite algebraic symmetric extensions F R and F L of a global number field k of characteristic zero.
This bilinear algebraic semigroup GL n (F R × F L ) can then be decomposed into the product of the right semigroup T t n (F R ) of lower triangular matrices with entries in the semifield F R by the left semigroup T n (F L ) of upper triangular matrices with entries in the semifield F L according to:
The left (resp. right) algebraic semigroup T n (F L ) (resp. T t n (F R ) ) can be viewed as an operator:
sending the left (resp. right) semifield F L (resp. F R ) into the left (resp. right)
which is a left (resp. right) affine semispace V L (resp. V R ) of dimension n localized in the upper (resp. lower) half space.
• The left semigroup T n (F L ) then corresponds to the parabolic subgroup P n (F ) of Borel upper triangular matrices over the number field F in such a way that the homomorphism:
produces an induction [Rod] from the parabolic subsemigroup T n (F L ) to the algebraic bilinear semigroup GL n (F R × F L ) .
• Therefore, it appears that if T n (F L ) is assumed to be a semisimple (reductive) (semi)group G , then the associated (semi)group T t n (F R ) , on which a contragradient (cuspidal) representation can be defined, is the dual (semi)group of G and would correspond to the Langlands L -group L G of G if L G is interpreted as the dual group of G as suggested in section 1.
• Proposition 2.1. The representation (bisemi)space of the algebraic bilinear semigroup of Proof. 1. It was proved in [Pie1] and in [Pie2] that the n 2 -dimensional affine bisemispace
) is in fact a left (resp. right) semigroup scheme over k , i.e. a representable functor from the quotient kalgebra Q L (resp. Q R ) of the polynomial ring k[x] modulo the ideal I L (resp. I R ) to the left (resp. right) affine semispace V L (resp. V R ) [Pie1] .
Then, the category of finite dimensional representations of affine bisemigroup schemes is equivalent in the perspective of [D-M] to the neutral Tannakian tensor category c R×L for which there exists a
• Considering the Artin's reciprocity law recalled in section 1 and the congruence subgroups used in the theories of cuspidal forms, (pseudo-ramified) complex completions of symmetric finite (closed) algebraic extensions of the number field k of characteristic zero were defined [Pie1] at infinite complex places by their degree given by the integers modulo N . They correspond to Hom k (F L , C ) and Hom k (F R , C ) where k may be Q [Kna] .
By this way, we get a left (resp. right) tower
of packets of equivalent complex completions localized in the upper (resp. lower) half space and characterized by their degrees (or ranks):
at every complex place ω j (resp. ω j )
where:
- * denotes an integer inferior to N ;
-m (j) is the number (or multiplicity) of the real completions covering
-j is a global residue degree f ω j (resp. f ω j ).
When the global Weil groups are considered, the degrees of the finite algebraic extensions F ω j (resp. F ω j ) associated with the completions F ω j (resp. F ω j ) are restricted to [Pie1] :
Each complex (resp. conjugate complex) completion F ωp (resp. F ωp ) at the primary complex infinite place ω p (resp. ω p ), associated with the corresponding finite extension of k , is then characterized by a degree:
and a number of elements:
where (n nu ) is the number of nonunits.
If the global residue degree is given by
then the number of elements n e (p + r) of a complex completion F ω p+i (resp. F ω p+i ) at the infinite place ω p+i (resp. ω p+i ) is equal to:
• The connection between the sets ω = {ω 1 , . . . , ω r } and ω = {ω 1 , . . . , ω r } of infinite places of F and a set of finite places corresponding to finite extensions K p of k p , for every prime p , can be obtained as follows:
The field K p , which is a finite extension of k p that may be Q p , is a p -adic field. Let Θ Kp denote its ring of integers, ℘ Kp the unique maximal ideal of Θ Kp , k(v Kp ) = k(℘ Kp ) = Θ Kp /℘ Kp its residue field, ω Kp a uniformizer in Θ Kp and v Kp : K * p → Z be the unique valuation.
The number of elements in
On the other hand, let E p be an imaginary quadratic field in which p splits. Let
A finite extension K p of k p can be identified with the completion of the real field F + in a place v p+1 = v ′ p 1 above p . As, p is decomposed in E p into two places ℘ and ℘ , the places of F dividing p are divided into a set of left infinite complex places
where (p + i) is in general given by k p + i ′ .
By this way, finite extensions K p can correspond to etale coverings of completions of F in ω ′ p and ω ′ p .
• Let G (n) (F ω × F ω ) be the bilinear algebraic semigroup with entries in the product, right by left, F ω × F ω of towers of packets of equivalent complex completions at the set ω × ω = {ω 1 , . . . , ω r } × {ω 1 , . . . , ω r } of biplaces.
, and corresponding to the r biplaces (ω × ω) .
Each conjugacy class representative
The decomposition of G (n) (F ω × F ω ) into conjugacy classes can be realized by considering the cutting of the bilattice Λ ω ×Λ ω , referring to it, into subbilattices in G (n) (F ω ×F ω ) under the action of the product T R (n; r) ⊗ T L (n; r) of Hecke operators having as representation
• The algebraic representation of the bilinear algebraic semigroup of matrices GL n (
which is the group of automorphisms of
• Let
F ω j,m j denote the sums of completions.
j ) will correspond to the sums of conjugacy class representatives of the bilinear algebraic semigroup [Pie1] and G (n) (F ω ⊕ × F ω ⊕ ) becomes naturally its n -dimensional (irreducible) representation space according to:
if we have the injective morphism:
3 Cuspidal representations of the bilinear algebraic semigroups
• The next step then consists in providing a (super)cuspidal representation of the bilinear
The procedure can be summarized as follows: a) finding the cuspidal subrepresentation of each conjugacy class representative
showing that the sum of these cuspidal subrepresentations correspond to the searched cuspidal representation Irr cusp(G (n) (F ω × F ω )) of the algebraic bilinear semigroup
be the toroidal isomorphism mapping each left (resp. right) complex completion
localized in the upper (resp. lower) half space.
Then, the morphisms:
introduced in section 2, sends the left (resp. right) toroidal complex comple-
So, the composition of bimorphisms
a) is responsible for the generation of conjugacy class representatives
from the products, right by left, F ω j,m j × F ω j,m j of complex completions; b) allows to envisage the bimorphisms:
which send each conjugacy class representative
) .
• Next, we consider the left (resp. right) (semi)algebra
with respect to a unique Haar measure on
• Each left (resp. right) function φ
) which is a n -dimensional complex left (resp. right) semitorus.
• Proposition 3.1. Each left (resp. right) function φ
) n can be considered as a Heche character.
Proof. 1. As we are concerned with the j -th infinite complex place ω j (resp. ω j ), we have to take into account the global Frobenius substitution given by the mapping:
in such a way that
2. The scalar λ(n, j, m j ) corresponds to the (j, m j ) -th coset representative U j,m j R × U j,m j L of the product T R (n; r) ⊗ T L (n; r) of Hecke operators being represented by
More precisely, let {λ d (n, j, m j )} 2n d=1 be the set of eigen(bi)values of U j,m j R × U j,m j L and let λ(n, j, m j ) = 2n Π d=1 λ d (n, j, m j ) be the product of these eigenvalues.
According to [Pie1] , we have that:
-D j 2 ,m j 2 is the decomposition group of th j -th bisublattice with representative m j ; -α n 2 nj 2 is the j -th split Cartan subgroup.
It then appears that the square root λ 1 2 (n, j, m j ) of λ(n, j, m j ) can be considered as a Hecke character having an inflation action on e 2πijz .
Referring to the composition of
is the product of the eigenvalues of
[j, m j ] of two circles localized in perpendicular planes with cos(2πijy d 2 ) and sin(2πijy d 2 ) of e 2πij(iy d 2 ) defined over iIR .
• Proposition 3.2.
the cuspidal subrepresentations of all conjugacy class representatives of the bilinear algebraic semigroup
represents the Fourier development of a left (resp. right) cuspidal form over C n .
And thus, Π(GL n (F ω ⊕ ×F ω ⊕ )) constitutes clearly the cuspidal representation of the bilinear algebraic semigroup GL n (F ω × F ω ) , for 1 ≤ j ≤ r ≤ ∞ . 
• Proposition 3.3 (Langlands global correspondence). Let
as described in section 2.
be its cuspidal (sub)representation in such a way that Π ∨ j,m j (GL n (F ω j,m j )) be the contragradient cuspidal subrepresentation restricted to the Weil subgroup W F ω j,m j .
Then, there exists bijective morphisms:
between the n -dimensional conjugacy class representatives of the products, right by left, of the Weil subgroups and the corresponding n -dimensional cuspidal class representatives, leading to the bijective morphism:
between the sum σ(W ab
) of the n -dimensional conjugacy class representatives of the Weil subgroups given by the algebraic bilinear semigroup
Proof. 1. The n -dimensional conjugacy class representative of the product, right by left, of the Weil subgroups W F ω j,m j × W Fω j,m j is given by:
The toroidal compactification
of the conjugacy class representative GL n (F ω j,m j × F ω j,m j ) of the bilinear algebraic semigroup GL n (F ω × F ω ) is in bijection with the corresponding cuspidal conjugacy
) of the n -dimensional conjugacy class representatives of the Weil subgroups given by
is in one-to-one correspondence with the searched cuspidal representation Π(GL n (F ω j,m j × F ω j,m j ) according to:
4 The Langlands functoriality in this new bilinear mathematical framework
• The Langlands global correspondence(s) having been stated in the irreducible complex case, it is now time to ask in what extent the cuspidal representation Π (2n) (GL 2n (F ω × F ω )) of the algebraic bilinear semigroup GL 2n (F ω ×F ω ) can be reached from the knowledge of the cuspidal representation Π (2) (GL 2 (F ω × F ω )) of the algebraic bilinear semigroup GL 2 (F ω × F ω ) .
As recalled in section 1, the Langlands functoriality conjecture consists in proving that:
where Π
vp denotes the cuspidal subrepresentation of the considered algebraic group at the primary place v p .
This case of functoriality, transposed in the considered bilinear framework, will be considered in the following, but also a case of functoriality associated with the cuspidal reducible representation of GL 2n (F ω × F ω ) , which constitutes the content of our main proposition 4.2.
• Proposition 4.1 (Functoriality sym (n) in a bilinear framework). Let
or equivalently:
be the n -th symmetric power representation of the algebraic bilinear semigroup
Then, the cuspidal representation Π (2n) (GL 2n (F ω ×F ω )) of the bilinear algebraic semigroup GL 2n (F ω × F ω ) can be reached functorially from the cuspidal representation Π (2) (GL 2 (F ω ×F ω )) of the algebraic bilinear semigroup GL 2 (F ω ×F ω ) throughout the injective morphism:
which corresponds to the morphism sym (n) on the cuspidal representation
Proof. 1. Referring to proposition 3.3, we have that the cuspidal representation Π (2) (GL 2 (F ω × F ω )) of the bilinear algebraic semigroup GL 2 (F ω × F ω ) can be de-veloped according to:
with respect to the cuspidal subrepresentations of the conjugacy class representatives
Remark that the complex dimensions are here envisaged in real notations.
2. Then, every cuspidal conjugacy class representative Π
) of the bilinear algebraic semigroup GL 2n (F ω × F ω ) can be obtained from the corresponding cuspidal conjugacy class representative Π
by means of the injective morphism:
Let 2n = 2 1 + +2 2 + · · · + 2 ℓ + · · · + 2 n be a partition of the integer 2n and let
be the n -th symmetric power of GL 2 (F ω × F ω ) according to this partition.
Referring to section 2 and to [Pie2] , it appears that the product " × " between two bilinear algebraic semigroups is the cross binary operation " × " which enables to develop this product according to:
and to state the main proposition.
• Main Proposition 4.2. The cuspidal representation Π (2n) (GL (2n) (F ω × F ω )) of the bilinear algebraic semigroup GL 2n (F ω × F ω ) is (non orthogonally) completely reducible if it decomposes diagonally according to the direct sum n ⊕ ℓ=1 Π (2 ℓ ) (GL 2 ℓ (F ω × F ω )) of irreducible cuspidal representations of the algebraic bilinear semigroups GL 2 ℓ (F ω × F ω ) and off-diagonally according to the direct sum ⊕ k =ℓ (Π (2 k ) (GL 2 k (F ω )) ⊗ Π (2 ℓ ) (GL 2 ℓ (F ω ))) of the (tensor) products of irreducible cuspidal representations of cross algebraic linear semigroups
This reducible cuspidal representation
of GL 2n (F ω × F ω ) then corresponds to the Langlands functoriality:
Proof. 1. As it was noticed above, the cross binary operation " × " allows to develop the n -th symmetric power of GL 2 (F ω × F ω ) according to:
The sum of the cuspidal representations of these algebraic bilinear semigroups GL 2 ℓ (F ω × F ω ) and (T t 2 k (F ω ) × T 2 ℓ (F ω )) is the reducible cuspidal representation of the algebraic bilinear semigroup GL 2n (F ω × F ω ) according to:
2. This decomposition of the cuspidal representation of GL 2n (F ω ×F ω ) then corresponds clearly to the Langlands functoriality statement:
• Corollary 4.3. The cuspidal representation Π (2n) (GL 2n (F ω ×F ω )) of the bilinear algebraic semigroup GL 2n (F ω × F ω ) is orthogonally completely reducible if it is decomposed only diagonally according to the direct sum of the irreducible cuspidal representations of the algebraic bilinear semigroups GL 2 ℓ (F ω × F ω ) , 1 ≤ ℓ ≤ n , as follows:
Proof. This cuspidal representation of GL 2n (F ω × F ω ) is orthogonally completely reducible with respect to the non orthogonally completely reducible cuspidal representation considered in proposition 4.2 in the sense that the off-diagonal cuspidal representations Π (2 k ) (GL 2 k (F ω )) ⊗ Π (2 ℓ ) (GL 2 k (F ω )) are not taken into account.
